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1. INTRODUCTION 
A linear space is a pair L = (h;, 2) of a set # of points and a family 9 
of subsets of +Z called lines such that any two distinct points p and 4 are 
contained in a unique line pq and every line contains at least two points. 
The degree rP of a point p is the number of lines through p, and dually the 
degree k, of a line L is the number of points on L. If every point and line 
has linite degree, then L is called finite. A parallel class of L is a set Z! of 
lines such that every point lies in exactly one of the lines of fl. A subspace 
of L is a set E of points such that every line which contains two points of 
E is already contained in E. 
Suppose L is a finite linear space. If n i- 1 denotes the maximal point 
degree, then n is called the order of L. A line L is called projective, if 
IZ, n 17, = {L} for any two distinct parallel classes 17, and IT, with L E II?” 
and ln,l = n + 1. 
A planar space is a linear space S = (#, Y) together with a family 6 of 
subspaces called planes such that any three noncollinear points lie in a 
unique plane, every plane contains three noncollinear points, and there are 
at least two planes. In this paper we shall furthermore always assume that 
S is not a degenerate projective space. 
We want to study finite planar spaces with the following property 
(E) Any two distinct planes intersect in a line. 
Consider a finite planar space satisfying (E). It is well known that there 
is an integer n such that for every point p the lines through p, considered 
as points, and the planes through p, considered as lines, form a projective 
plane S/p of order n. Also for each plane E the structure L(E) = (E, Z(E)) 
* This paper was written while the author was visiting the university of Florence. 
161 
0097-3165/89 $3.00 
Copyright 0 1989 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
162 KLAUS METSCH 
with 9’(E)= (L 1 L is a line contained in E) is a linear space with constant 
point degree n + 1. Usually we identify L(E) with E. We call this so defined 
integer n the planar order of S. Finally, we call S extendible, if it can be 
obtained from a planar space S’ by removing one point but no line or 
plane from S’. It is obvious that S’ has planar order n and satisfies (E) in 
this case. 
We shall prove the following two theorems. 
THEOREM 1. Let S be a finite planar space which has property (E) and 
denote by n the planar order of S. If S possesses a line of degree at most n 
which is projective in at least one of the planes containing it, then S is 
extendible. 
THEOREM 2. Let S be a finite planar space satisfying (E) and denote by 
n the planar order of S. Then S can be embedded into a 3-dimensional projec- 
tive space, if one of the follqwing conditions is satisfied: 
(i) S has at least n3 - 3n2 + 9n + 12 points. 
(ii) Shasatleastn3-3n2+5n+8pointsandn~13. 
Remarks. (1) Theorem 2 improves a result of A. Beutelspacher Cl], 
who showed that a finite planar space of planar order n which satisfies (E) 
is embeddable into a 3-dimensional projective space, provided it has at 
least n3 points. 
(2) In the proof of Theorem 1 we shall show that S satisfies “locally” 
the bundle theorem. This will imply that S can be extended. 
2. EXTENDING FINITE PLANAR SPACES 
In the rest of this paper, S denotes a finite planar space satisfying (E) 
and n denotes the planar order of S. For distinct planes E and F we denote 
by En F the line in which E and F meet. For a point p outside a line L 
we denote by (L, p) the unique plane containing p and L. Finally, if H 
and L are distinct lines which are contained in a common plane, then H 
and L are called coplanar and (H, L) denotes the unique plane containing 
H and L. 
Our first proposition shows how S can be extended. 
LEMMA 2.1. S is extendible if and only if there is a parallel class 17 of S 
satisfying the following condition: For every plane E, the set .Y(E) n I7 is 
empty or a parallel class of L(E). 
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Proof. Suppose first that S can be extended to a planar space S’ with 
one point more. If p is the point of S’ not belonging to S, then the lines 
through p form a parallel class of S with the desired condition. 
Now suppose that such a parallel class 17 exists. If we add an infinite 
point a3 to S and every line of l7, then we obtain a linear space S’. Adjoin- 
ing cc also to every plane E with T(E) A 17~ @ while leaving the other 
planes as they are, our condition on 17 yields that S’ becomes a planar 
space. Hence, S is extendible. 1 
DEFINITION 2.2. (a) A bundle is a quadrupel (L,, L,, L3, L4) of four 
mutually disjoint lines such that Lj and L, are coplanar for j# k and 
(j, k) # {3,4} and that no three of the lines Lj lie in a common plane. 
(b) S is said to satisfy the bundle theorem, if L3 and L, are coplanar 
for every bundle (L, , L,, L3, L4). 
(c) We call a line L of S a good he, if it has degree at most 12 and 
if L and L, are coplanar for every bundle (L, , L,, L, L4). 
Remark. A theorem of Kahn [2] says that S can be embedded into a 
projective space, if it satisfies the bundle theorem. We just want to extend 
S and for this it will be enough to know that there is a good line. 
THEOREM 2.3. If S posesses a good line, then S is extendible. 
Proof. Let G be a good line. Denote by E,, . . . . E, + 1 the planes which 
contain G and let F be a plane with G n F= @ (such a plane exists in view 
of k, d n). Let Lj be the line in which F and Ej meet and denote by a the 
set of points which do not lie on G or one of the lines Lj. In the further, 
we denote by j, k, r, s always elements of ( 1, . . . . n + 1). Set 
and 
Ljk(q)= CLj9 4)n (Lk2 4) for j#k and qfa, 
II= (G, L,, . ..> L,,, >U {Ljk(q) I qEpTj#kl. 
First notice that the lines Lj,Jq), qE 9, are disjoint to every line of 
(G, L,, . . . . -&+I >. Furthermore, each line L,,(q), qE 9, is contained in 
(G, q), for if Lj,Jq) were not in (G, q), then (Lj, L,, G, Ljk(q)) would be 
a bundle in which the good line G is not coplanar to Lik(q). In particular, 
Llk(q) and G are coplanar. 
(1) 17 is a parallel class of S. For: Let q be a point of a and suppose 
that Lj,+(ql) and L,(q,) are lines through q. W.1.o.g. we may assume that 
L, and L, are not contained in the plane (G, q). Since Ljk(ql) contains q 
and is coplanar to L, and G, this implies Lj,Jql) = (Lk, q) n (G, q). In 
582a/51/2-2 
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the same way, L,,(,) = (L,, q) n (G, q) follows. Thus Ljk(ql) = L,,(q& if 
k= r. If k# r, then the same argument shows Lik(ql) = L,(q) = L,,(qz), 
since L,,(q) is also a line passing through q. This shows that every point 
of 9 is contained in a unique line of 17. The points outside of a are con- 
tained in a unique line of {G, Li, . . . . L,, 1} and not in any of the lines 
L,,(q). Hence, 17 is a parallel class of S. 
(2) If Y(E) n 172 @ for a plane E, then T(E) n n is a parallel class 
of E. For: First suppose that E= F. Then Y(E) n l7= {L,, . . . . L, + 1} so 
that 9(E) n l7 is a parallel class of E. 
Next suppose E = Ek for some k. Then for each j# k and 
qE E- (G u Lk), the line Ljk(q) is a line of Y(E) n 17 through q. Since 
G, L,EIZ, this shows that every point of E lies in at least one line of 
Y(E) n II. Now (1) shows that 9(E) n lI is a parallel class of E. 
Finally consider the case E # F and E # Ej for all j. We assume that E 
contains a line L of 17 so that we have to show that 8(E) n 17 is a parallel 
class of E. Since E # Ej for all j, we have L # G. 
If L = L, for some k, let s be a value with s # k. For each q E E - Lk, we 
have q E 9 (since E # F, Ek) and L,(q) is a line of 11 through q. Since 
L,(q) is contained in ( Lk, q ) = E, it follows that each point of E is con- 
tained in a line of Z(E) n 17. (1) implies again that 9(E) n 17 is a parallel 
class of E. 
If L = L,(q) for some q E 9 and indices r, s, we can argue as follows. Let 
p be a point of En F and denote by k the index with p E Lk. We may 
assume that r # k. By (1 ), L,,(q) = L,(q). Hence L, is contained in 
(L,,(q), p) = E and it follows as before that Y(E) n 17 is a parallel class 
of E. 
(1 ), (2), and Lemma 2.1 show that S can be extended. 1 
As a corollary, we obtain the theorem of Kahn [2] in a special case. 
COROLLARY 2.4. If S satisfies the bundle theorem, then it can be 
embedded into a 3-dimensional projective space of order n. 
Proof. We proceed by induction on s = n3 + n2 + 1 - v, where v denotes 
the number of points of S. Obviously, s > 0 with equality if and only if S 
is a 3-dimensional projective space of order n. 
Suppose s > 0. Then S has a line L with k, <n + 1. Since S satisfies the 
bundle theorem, L is a good line. Theorem 2.3 shows that S can be 
extended to a planar space S’ with v’ = v + 1 points. It is trivial that S’ also 
satisfies (E) and the bundle theorem. The induction hypothesis shows that 
S’ and therefore also S can be embedded into a 3-dimensional projective 
space. 1 
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LEMMA 2.5. Let G be a line of S with kc <n + 1. If G is a projective line 
in the linear space L(E) for at least one plane E which contains G, then G 
is a good line of S. 
ProoJ: Assume by way of contradiction that G is not a good line of S. 
Then there is a bundle (L, , L,, G, X) in which G and X are not coplanar. 
Define the planes F= (L,, L2), E,= (G, L,), and E,= (G, L2). We 
denote by E,, . . . . E, + 1 the planes ZE,, E, which contain G and by L,, 
j = 3, . . . . n + 1, the intersection line of Ei and F. Let p be any point of X and 
let k be the index with PEE,. Then X= (L,, p} n (L2, p> (notice that 
p$F= (L,, L,), since (L,, Lz, G, X) is a bundle) and k# 1,2 (If k were 
in { 1,2}, then G and X would be contained in E, = (Lk, p) but G and X 
are not coplanar). W.1.o.g. we may assume k= 3. Finally, set 
Hi= (Lj, p> n E,, j= 1,2. Then we have 
(1) ff,ZH,. For: Assume to the contrary H, = H,. Then 
H,=H,=(L,,p)n(L,,p)=X. Hence X=H,=(L,,p)nE, is con- 
tained in E,, which is a contradiction since G and X are not coplanar. 
(2) G is not a projective line of E,. For: Set fl, = (E, n E / E is a 
plane containing L,}, j = 1,2. In view of the property (E), n, and 172 are 
parallel classes of E, with n + 1 lines. For Jo (1,2} we have PE Hj and 
Hj E IYIj. Since H, #Hz, we obtain 17, # 17,. However, G, L3 E II,, IT,. 
definition, G is therefore not a projective line of E,. 
(3) G is not a projective line of E, or E,. For: Assume to the con- 
trary G is a projective line of E, . Define 17, = {E, A E 1 E contains L,} and 
Z72 = {E, n E j E contains Hz). Then 17, and 17, are parallel classes of E, 
which contain G and have n + 1 elements. Since L, and H, are contained 
in (L2, p) the line H := (L2, p) n E, lies in n, and I?,. Since G is a pro- 
jective line of E, and in view of G #H, we conclude 1T, = 27,. It follows 
L, = E, n FEII, = nz so that L, and H2 are coplanar. Now the lines H, 
and H, of the plane E, are both coplanar to L, and contain p. Since L, is 
not a line of E,, this yields H, = Hz, which contradicts (1). Consequently, 
G is also not a projective line of E,. 
By our hypothesis, G is a projective line in ES for some s. By (2) and (3), 
s&4. Set H= (L,, p)n E3. In view of (i), we may assume that Hf H,. 
Set x’= (L,,p)n (L,,p). Since p$F, El, E,, the line x’ is not 
contained in F= (L,, L,), E,= (L,, G), or E,= (L,, G). Thus 
(L,, L,, G, X’) is a bundle. 
If X’ is contained in E,, then H=(L,,p)nE,=X’=(L,,p)n 
E3 = H,, which is a contradiction. 
If x’ is not contained in the plane E,, then p E X’ n E, shows that G and 
X’ are not aoplanar. The existence of the bundle (L,, L,, G, X) with G and 
X not coplanar implied that G is not a projective line of E2 = (L,, 6) (see 
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(2)). The same argument used for the bundle (L,, L,, G, X’) shows that G 
is not projective in E, = (L,, G). But E, is by definition the plane through 
G in which G is projective. 
This final contradiction shows that G and X are coplanar. 1 
Lemma 2.5 and Theorem 2.3 prove Theorem 1. An immediate conse- 
quence is the following 
COROLLARY 2.6. If S possesses a line of degree n, then it is extendible. 
3. EMBEDDING FINITE PLANAR SPACES 
Our next lemma will ensure the existence of lines being projective in one 
of the planes containing it, provided that S has “enough” points. 
LEMMA 3.1. Let a be a positive integer and denote by v the number of 
pointsofS.Ifn3-(a-l)(n2+n+1)<v<n3+n2+n+1, thenshasaline 
G with n+l-adk,<n+ 1. 
ProoJ: Since v < n3 + n2 + n + 1, not every line has degree n + 1. Of all 
the lines of degree at most n let G be a line of maximal degree. Set 
d=n+ 1 -k,, let E,, ...,E,,+l be the planes which contain G, and let M be 
the set of lines which are disjoint to G and which are contained in one of 
the planes Ej. Since each plane has n* + n + 1 lines, each Ej contains dn 
lines of M. Since every line of M has degree at most n, we have k, <k, for 
all lines L of M. Because every point outside of G lies on exactly d lines of 
M, we obtain 
(v-ko)d= 1 k,<lMI ko=(n+l)dnk, 
LEM 
and consequently k,(n* + n + 1) 2 v, i.e., kG > n - a. m 
Remark. If S has at least n3 points but not n3 + n* + n + 1 points, then 
it has a line of degree n. By Corollary 2.6, S is therefore extendible. An 
inductive argument shows that S can be embedded into a 3-dimensional 
projective space. This is the theorem of A. Beutelspacher mentioned in the 
Introduction. 
LEMMA 3.2. Let L be a finite linear space which is embeddable into a 
projective plane P of finite order n. Suppose L # P and every point of L has 
degree n + 1. Let G be a line of degree k, where k := max{ k, 1 L is a line of 
degree at most n}, and denote by w  the number of points of L outside of G. 
Then G is a projective line of L, if one of the following conditions is satisfied: 
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(a) wan’-4n+9 andn>3(n+l-k). 
(b) w>n2-4n+13 and k>n-3. Furthermore kfn-3, ifn=7 or 
n = 8. 
ProoJ: In view of L # P, L has a line of degree at most n and k is there- 
fore defined. Suppose (a) or (b) is fullilled. 
Let pi, . . . . pd, d := 12 + 1 - k, be the points of P on G which are not points 
of L. For j= 1, . . . . d denote by nj the set of lines of L which pass in P 
through pj. Since every point of L has degree n + 1, the 17j are parallel 
classes of L. 
Let 17 be any parallel class of L containing G. In order to show that G 
is a projective line of L it suffices to show that 17=nj for some j, if 
jn/=n+1. 
Assume to the contrary that In/ = it + 1 and I? # flj for all j. Let Mj be 
the set of lines #G of I7 passing in P through pj and set mj = lMj/. Then 
n=mI + ... + md. W.1.o.g. we may assume m, >, m2 > . . . md. In the view of 
n# R,, we have m2 # 0 and d> 2. For Jo (1, . . . . d) and all lines L of 
17- Mj, we have k, 6 lUjl - 1 - mj Q n - mj, because L is parallel to G an 
every line of Mj. Since M, # a, this implies m, < n - 2. 
If L is a line of M,, then k, d y1- 2 (For: Assume k, 2 n - 1. Since L is 
parallel to G, we have k,#n+l and thus k,<kk,=n+l-d,<n-1. It 
follows that d= 2 so that k, <n - m2 = m, <n - 2, a contradiction.) We 
obtain 
n2-4+9<w= 1 kL.<mI(n-2)+(n-mm,)(n-mm,)=:f(m,). (+) 
LeI7,LZG 
Now f(4) = f(n - 2) = n2 - 4n + 8 shows m, < 4. In particular, 
n=m,+ ... +md<dm, =(n+ 1-k)m, <3(n+ l-k). This shows that 
(a) is not satisfied. Hence (b) is satisfied so that d < 4 and w  3 n2 - 4n -t 13. 
We have, furthermore, w<f(ml) and n=m,+ ... fm,<m,+ 
(d-l)m2dm,+3m2d4m,. 
If m,=3, then n2-4n+13<w6f(3)=n2-3n+3 so that n>lO. 
n <m, + 3m, yields m2 = 3. Hence every line of M, has degree at most 
II-m2=n- 3. Now we can improve (+) and obtain w<m,(n-- 3)+ 
(n -m,)(n -ml) = n2 - 3n so that n > 13. But this is not possible, since 
nd4ml=12. Hencemif3. 
If m,=2, then w<f(2)=n2-2n so that n~7. n<mm,i-3m,d4m, 
shows m2 = 2 and n < 8. Now condition (b) yields d< 3 so that 
n d m, + (d - 1 )m, < 6, a contradiction. 
Consequently m, = 1 so that n < dm, = d. But n + 1 - d as the degree of 
the line G must be a least 2, a contradiction. U 
Proof of Theorem 2. Suppose that the hypotheses of (i) or (ii) of 
Theorem 2 is fulfilled. Denote by u the number of points of S and set 
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s = n3 + n2 + n + 1 - zi. As in the proof of Corollary 2.4, it suffices to show 
that S is extendible ifs > 0. Suppose therefore that s > 0. Then M := (k, 1 L 
is a line of degree at most n} is not empty. Let k be the maximal element 
of M and denote by G a line of degree k. From Lemma 3.1 and the condi- 
tions on D, we get k > n - 3. Let E,, . . . . E,, + 1 be the planes which contain 
G. We may assume that IE, 1 > [E’l for all Jo { 1, . . . . n + 1 }. If we set 
w= [El1 -k,, we have 
n+l 
v=k,+ c (IEil -k,)dk,+(n+ 1)w. 
j=l 
Let 4 be any point outside of E, . Then the map a with p” = pq for each 
point p of E,, and L” = (L, q) for every line L of E,, is a homomorphism 
of the linear space E, into the projective plane S/q. Hence, the linear space 
E, can be embedded into a projective plane of order n. Since S/p is a 
projective plane of order y1 for every point p, every point p of E, has degree 
IZ + 1 in the linear space E,. 
Assume by way of contradiction that G is not a projective line of E,. 
Then k, 6 y1- 1, since a line of degree y1 of E, lies in a unique parallel class 
of E,. If n 2 13, then Lemma 3.2(a) shows w  < n2 - 4n + 8 and we conclude 
v<n-l+(n+l)(n’-4n+8)=n3-3n2+5n+7, 
which is not possible. Thus n < 12. This shows that condition (ii) of 
Theorem 2 is not satisfied. Hence, condition (i) is fulfilled, i.e., 
In particular, w> n2 - 4n + 13. Since G is not a projective line of E,, 
Lemma 3.2(b) implies k = n - 3 and n E (7, S}. However, if IZ d 8, then 
vbn3-3n2+9n+123n2-2n2. 
and Lemma 3.1 implies k > n - 2 . 
This contradiction proves that G is a projective line of E,. By 
Lemma 2.5, G is a good line of S so that Theorem 2.3 shows that S can be 
extended. This completes the proof of Theorem 2. 1 
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